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ABSTRACT: We construct a 6D supergravity theory which emerges as intermediate step in
the compactification of the heterotic string to the supersymmetric standard model in four
dimensions. The theory has N' = 2 supersymmetry and a gravitational sector with one
tensor and two hypermultiplets in addition to the supergravity multiplet. Compactification
to four dimensions occurs on a T?/Zsy orbifold which has two inequivalent pairs of fixed
points with unbroken SU(5) and SU(2) x SU(4) symmetry, respectively. All gauge, gravi-
tational and mixed anomalies are cancelled by the Green-Schwarz mechanism. The model
has partial 6D gauge-Higgs unification. Two quark-lepton generations are localized at the
SU(5) branes, the third family is composed of split bulk hypermultiplets. The top Yukawa
coupling is given by the 6D gauge coupling, all other Yukawa couplings are generated by
higher-dimensional operators at the SU(5) branes. The presence of the SU(2) x SU(4) brane
breaks SU(5) and generates split gauge and Higgs multiplets with A/ = 1 supersymmetry
in four dimensions. The third generation is obtained from two split 5-plets and two split
10-plets, which together have the quantum numbers of one 5-plet and one 10-plet. This
avoids unsuccessful SU(5) predictions for Yukawa couplings of ordinary 4D SU(5) grand
unified theories.

KEYWORDS: Buperstring Vacua, Superstrings and Heterotic Stringy.

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep092007113/jhep092007113 .pdf


mailto:buchmuwi@mail.desy.de
mailto:c.luedeling@thphys.uni-heidelberg.de
mailto:jonas.schmidt@desy.de
http://jhep.sissa.it/stdsearch

Contents

. Introduction

1]
1=

6D supergravity from the heterotic string
Rl The heterotic string on T6/Zg_11
PR3 Intermediate Z3 compactification

=1 = 9

10:0]]

B. Zs Compactification to four dimensions

Anomalies

@ Anomalies and the Green-Schwarz mechanism
B3 Bulk anomalies

Brane anomalies

i i

Decoupling of exotic states

= @
=l

Yukawa couplings

=

Supersymmetric vacua

[ Q0]

Outlook

=

States

A R-charges

A) Bulk states

States at the fixed points

SEEE B B

B. Anomaly polynomials

&

1. Introduction

The symmetries and the particle content of the standard model point towards grand unified
theories (GUTs). The simplest unified gauge group is SU(5) with three 5- and 10-plets for
the three quark-lepton generations of the standard model [I. Higgs doublets can be ob-
tained from further 5- and 5-plets, with their heavy colour triplet partners decoupled from
the low energy theory. In supersymmetric GUTs the hierarchy between the electroweak
scale and the GUT scale is stabilized and, for the minimal case of two Higgs doublets,
gauge couplings unify at the scale Mgyt ~ 2 x 10'6 GeV.



Neutrino masses and mixings can be described by adding a non-renormalizable, lepton-
number violating dimension-5 operator composed of lepton and Higgs doublets, with cou-
pling strength 1/A. The observed smallness of the neutrino masses then requires A =
O(Mgur), hinting at a B — L breaking scale of the order of Mgyr. Embedding SU(5) and
U(1)p_; in SO(10) [B B, and continuing the route of unification via exceptional groups,
one arrives at Eg, which is beautifully realized in the heterotic string [, f].

An elegant scheme leading to chiral gauge theories in four dimensions is the compact-
ification on orbifolds [§—[L0]. Recently, considerable progress has been made in deriving
unified field theories from orbifold compactifications of the heterotic string [[[1]-[lf], and
it has been demonstrated that the idea of local grand unification can serve as a guide to
find string vacua corresponding to the supersymmetric standard model [[[7]-[[9]. In this
paper we study in some detail an orbifold GUT limit of the model [[7], where two of the
compact dimensions are larger than the other four. In this way we hope to obtain a bet-
ter understanding of some open questions of current orbifold compactifications: the large
vacuum degeneracy, the decoupling of unwanted massless states and the stabilization of
moduli fields.

The model [E] is based on a Zg_1 twist which is the product of a Z3 twist and a Zs
twist. In a first step, described in section 2, we compactify the Eg x Eg heterotic string
on the orbifold T#/Z3, where T* is a 4-torus with the Lie algebra lattice Go x SU(3). The

six-dimensional (6D) theory has N' = 2 supersymmetry and unbroken gauge group
Qs = SU(6) x U(1)® x [SU(:),) % SO(8) x U(1)2] , (1.1)

where the brackets denote the subgroup of the second Eg. The gravitational sector contains
one tensor multiplet whose (anti-)self-dual part belongs to the AV = 2 (dilaton) supergravity
multiplet.

Compactification from six to four dimensions on the orbifold T?%/Zy with SO(4) Lie
lattice leads to additional fixed points and twisted sectors. The massless spectrum in four
dimensions agrees with the results obtained in [[L7, [[§]. In addition to the zero modes, the
6D field theory contains the Kaluza-Klein excitations of the large SO(4)-plane and further
non-Abelian singlets. As described in section 3, the projection conditions for physical
massless states of the model [[[]] now become Zs projection conditions for the 6D bulk
fields at the orbifold fixed points in the SO(4)-plane.

Given the Zo parities of the 6D bulk fields, one can perform a highly non-trivial
consistency check of the 6D field theory, the cancellation of all gauge, gravitational and
mixed anomalies by the Green-Schwarz mechanism [R0]. In section 4 it is explicitly shown
that all irreducible anomalies vanish and that the reducible ones are indeed cancelled by
a unique Green-Schwarz term in the effective action [P, PJ. The 6D theory has different
local anomalous U(1) symmetries at the different fixed points in the SO(4) plane. Their
sum yields the anomalous U(1) of the 4D theory [[[§].

The 6D theory has a GUT gauge group and N' = 2 supersymmetry, and therefore
considerably fewer multiplets than the 4D theory. This simplifies the decoupling of un-
wanted exotic states as we show in section 5. For a vacuum with spontaneously broken



B — L symmetry we then obtain a local SU(5) GUT model with two localized and two
bulk quark-lepton families. The Higgs fields are identified as bulk fields with partial gauge-
Higgs unification. The SU(5) invariant Yukawa couplings and the SU(5) breaking by the
Zs orbifolding are discussed in section 6. Open problems concerning supersymmetric vacua
and the stabilization of the compact dimensions are outlined in section 7.

Finally, in section [}, we conclude with a brief outlook on open questions and further
challenges for realistic compactifications of the heterotic string.

2. 6D supergravity from the heterotic string

2.1 The heterotic string on T°/Zg_11

We consider the propagation of the Eg x Eg heterotic string in a space-time background
which is the product of four-dimensional Minkowski space and a six-dimensional orb-
ifold [2J]. The compact space is obtained by dividing the torus 7¢ = R®/27A by the
discrete symmetry Zg_11 = Zs X Zgo of the Lie algebra lattice SO(4) x SU(3) x G3. The four
complex coordinates z¢, i = 1...4, comprise the two transverse dimensions of Minkowski
space (i = 4) and the six compact dimensions (i =1...3).

The Zg—_11 orbifold with the Go x SU(3) x SO(4) lattice is characterized by the twist

vector
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which is the sum of Z3 and Zs twist vectors, vg = —v3 + v9, where
V3 = 2?}6 , Uy = 3?}6 . (2.2)

Note that the Zg twist leaves the SO(4) plane invariant whereas the Zo twist does not
affect the SU(3) plane. Both twists act non-trivially on the Gg plane.

In the light-cone gauge the heterotic string can be described by 4 complex coordi-
nates Z%(c) (i = 1...4), 4 bosonized right-moving Neveu-Schwarz-Ramond (NRS) fermions
Hi(o_) (i =1...4) and 16 left-moving bosons X (o) (I =1...16), where o4 = 7 + 0.
The fields X! are compactified on the 16-dimensional Eg x Eg torus. Correspondingly, the
momenta of the right-moving fields H' lie on the weight lattice of the little group SO(8).
The quantum numbers of a string state are thus given by the Eg x Eg root vector p! for
the gauge and the SO(8) weight vector ¢* for the Lorentz quantum numbers.

The orbifold twist is embedded into the gauge group by the Zg twist vector

1 11 3\ (17 [ 5\° 5
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In addition, there are two Wilson lines associated with the two subtwists: a Z3 Wilson line
W3 in the SU(3) plane and a Zy Wilson line W5 in the SO(4) plane, given by
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Figure 1: The tori of the orbifold T°/Zgs. Red crosses mark fixed points of the Zsz twist used for
the first step of compactification. The SO(4) torus is invariant, while the other tori contain three
fixed points each. The fixed points in the Go torus are equivalent, while the SU(3) torus contains a
Wilson line, and the fixed points are inequivalent and labelled by ns. The blue circles mark the Zs
fixed points in the SO(4) plane which are labelled by (n2,n5). There are further Z; fixed points in
the Gg torus which are not shown.

A basis in the Hilbert space of the quantized string is obtained by acting with the cre-
ation operators (n < 0) for right-handed modes (o, 32) and left-handed modes (&, &%) on
the ground states of the untwisted sector U (k = 0) and the twisted sectors T}, (k =1...5).
The ground states of the different sectors depend on the momentum vectors ¢*, p! and, for

the twisted sectors, also on the fixed point f (cf. [23, [[§]),

lg,p) = loy@1Ip), |f;e,p) = [gsn) @ |psn) (2.6)

with the shifted momenta

Gsh =q+kvg, pm=p+Vs. (2.7)

Here k is the order of the twist and V7 is the local gauge twist at the fixed point f. It turns
out that for the considered model only oscillator modes of the left-moving strings Z£(0+),

Z#(04) and X (o) are relevant.

2.2 Intermediate Z3 compactification

We are now interested in the effective field theory for the massless states in the limit where
the SO(4) plane is much larger the Go and SU(3) planes, yielding approximately flat 6D
Minkowski space. Hence, in a first step, we consider the compactification on the orbifold
T*/Z3. The physical states of the gravitational sector,

g, i) = |g) @@ 1[0) , |q,5*) = |q) @ & |0) , (2.8)



have to satisfy the mass equations

1, 1, 1

ng — §q — 5 = 0 s (29&)
1 1 ~
gm%:§p2—1+N+N*:0. (2.9b)

Here p = 0, and N , N* are the oscillator numbers for left-moving modes in 2%, z** directions,
summed over ¢ N = ) . N;, N* = > . N*. Furthermore, physical states have to be
invariant under the Zs twist,

v3-<N—Kf*—q> =0 mod1. (2.10)

1,0) with ¢ = 3,4, together with the 16 fermionic
i%) with ¢ = 3,4, form the familiar 6D supergrav-

The 16 bosonic states' ¢ = (0,0, 4+
statesq—(%,%,i +5 ),( ,—% +

ity and dilaton N = 2 multiplets [p4],

1
27

Here B}y (Byy) is the antisymmetric tensor field with (anti-)self-dual field strength.
Note that together there is only one tensor field Bj;ny without self-duality conditions,
which is the special case for which a lagrangian exists.

The 4 bosonic states ¢ = (1,0,0,0), (0,—1,0,0) with N; = 1,Nj = 0 or N; = 0,

]VQ* = 1, together with the corresponding 4 fermionic states ¢ = <%, —% % —%) and the
charge conjugate states, correspond to two 6D hypermultiplets,
Cy, Cy. (2.12)

They contain the two ‘radion’ fields of the small Gy and SU(3) tori as well as off-diagonal
components of the metric and the tensor fields and the associated superpartners. The
complex structure of the small dimensions is fixed. All 24 bosonic fields originate from the
64 bosonic states G MN, B’MN and ® in 10 dimensions. The remaining 40 bosonic states
and their fermionic superpartners are projected out by the Zg twist.

The massless physical states of the gauge sector,

lg,p) = lg)@Ip), (2.13)
have vanishing oscillator numbers and satisfy the projection conditions
v3-q—Vy-p = 0 modl. (2.14)

Here V; = 2(Vs + n3W3) are the local Z3 gauge subtwists of the model. They differ
by multiples of the Zs Wilson line W3 in the SU(3) plane, which distinguishes the three
inequivalent fixed points labelled by n3 = 0,1,2 (cf. figure 1). Eqgs. (.14) are equivalent to

v3:q—Vz-p = O0mod1l, Wi-p=0mod1, (2.15)

!Underline denotes all permutations.



where the second condition reflects the fact that the finite extension of the SU(3) plane is
neglected in the 6D effective field theory.

At each fixed point in the SU(3) plane the group Eg x Eg is broken to the subgroup
SO(14) x U(1) x [SO(14) x U(1)], which is differently embedded into Eg x Eg at the different
fixed points [[[§]. The brackets denote the subgroup of the second Eg. The U(1) factors are
sometimes omitted; they can always be reconstructed since the rank of the gauge group is
preserved. One easily verifies that the intersection of the three Eg x Eg subgroups, which
yields the unbroken gauge group of the 6D theory, is given by

Ge = SU(6) x U(1)® x [SU(3) x SO(8) x U(1)2] : (2.16)
with the massless N/ = 2 vector multiplets
(35;1,1) + (1;8,1) + (1;1,28) + 5 x (1;1,1) . (2.17)

The massless vector states are obtained from the conditions (R.14) for vs - ¢ = 0.
There are two further possibilities, vz - ¢ = £1/3 and v3 - ¢ = +2/3, which lead to N' = 2
hypermultiplets. A straightforward calculation yields the gauge multiplets

(20;1,1) + (1;1,8) + (1;1,8,) + (1;1,8,) + 4 x (1;1,1) , (2.18)

with the U(1) charges listed in table [LJ.

In addition to the vector and hypermultiplets from the untwisted sector of the string,
there are 6D bulk fields which originate from the twisted sectors Ts and Ty of the Zg_11
model, corresponding to the twisted sectors Ty and T of the Zs subtwist. The projection
conditions for physical states are

1)3-<]Vf—ﬁ}‘)—vg-(q—i-vg)—i-Vf-(p—i—Vf) =0 modl, (2.19)

where N f,]v ]’E are the integer oscillator numbers for left-moving modes localized at the

fixed point f (cf. [Lg]).
At each fixed point one has states with Ny = N }‘ = 0, which yield N' = 2 hypermul-
tiplets (14,1) and (1,14). With respect to the 6D gauge group these multiplets form the

reducible representations

(14,1) = (6;1,1) + (6;1,1) +2 x (1;1,1) , (2.20a)
(1,14) = (1;3,1) + (1;3,1) + (1;1,8) . (2.20b)

At the three SU(3) fixed points, (1;1,8) corresponds to (1;1,8), (1;1,8,) and (1;1,8,),
respectively. Furthermore, there are oscillator states for the two small compact planes,

lg+vs) @A _4lp+Vy), lg+uvs) @A, lp+Vy), i=3/4, (2.21)

which yield two non-Abelian singlet hypermultiplets for each fixed point.
In addition to the three inequivalent fixed points in the SU(3) plane, there are three
equivalent fixed points of the Zs twist in the G2 plane. This yields a multiplicity of three



Sector Multiplet Representation +#
Gravity Graviton GunN 1
Dilaton P 1
Hyper Ci, Co 2
Untwisted | Vector (35;1,1) 35
(1;8,1) 8
(1;1,28) 28
5x (1;:1,1) 5
Untwisted | Hyper (20;1,1) 20
(1;1,8) + (1;1,8,) + (1;1,8,) 24
4x(1;1,1) 4
Twisted Hyper 9% (6;1,1) +9 x (6;1,1) 108
9% (1;3;1,1) + 9 x (1;3;1,1) 54
3x (1;1,8) +3x (1;1,8,) +3 x (1;1,8,) | 72
36 x (1;1,1) 36

Table 1: N = 2 supermultiplets of the 6D theory: graviton, dilaton, 76 vector and 320 hypermul-
tiplets. The non-Abelian symmetry group is SU(6) x [SU(3) x SO(8)].

for all hypermultiplets from the T5 and Ty sectors. All the multiplets of the 6D theory are
summarized in table [[. The full listing including the U(1) charges is given in appendix [A.2.

Let us finally consider the interaction between vector and hypermultiplets. It is con-
venient to decompose all N' = 2 6D multiplets in terms of AV = 1 4D multiplets. The
6D vector multiplet splits into a pair of 4D vector and chiral multiplets, A = (V, ¢), and
a hypermultiplet consists of a pair of chiral multiplets, H = (H, Hg); here ¢ and Hj, are
left-handed, Hp is right-handed. In flat space, the interaction lagrangian takes the simple

form [B§|
Ly = / 44 (HzeQQVHL + H;Te’2gVH§> + / 429 H, (a + \/§g¢> Hp+he (222

After compactification to four dimensions, the first term yields the familiar gauge interac-
tions, whereas the second term can give rise to Yukawa couplings. For the hypermultiplet
(20;1,1) one obtains

Ly > V2g / 420 H(20)6(35)Hr,(20) + h.c. (2.23)

The SU(6) 20-plet contains SU(5) 10- and 10-plets, and the 35-plet contains SU(5) 5- and
5-plets. As we shall see in section 6, after projection onto 4D zero modes, eq. (R.23) yields
precisely the top Yukawa coupling. The Yukawa terms for the hypermultiplets (6;1,1) and

(6;1,1),
L > V2 / d20 (HS(6)6(35)Hy(6) + HS(8)p(35)H,(8)) + h.c. (2.24)

will be important for the decoupling of exotic states in section 5.



na Gauge group

0 SU(5) x U(1)* x [SU(?,) x SO(8) x U(1)2]

1 | SU@2) x SU4) x U(1)* x [SU(z)’ x SU(4) x U(l)ﬂ

N | SU®) x SU(2) x U(1)° x [SU(z)' x SU(4) x U(1)4}

Table 2: List of the local gauge groups and their intersection.

3. Zo Compactification to four dimensions

The compactification from six to four dimensions on a Zs orbifold leads to four additional
fixed points in the SO(4) plane and to further projection conditions for physical massless
states. The fixed points are labelled by (ng,n5) = (0,0), (0,1),(1,0),(1,1) (cf. figure 1).
Due to the Wilson line W5, they come in two pairs of equivalent fixed points, and the
projection conditions only depend on ns and not on nj.

At the fixed points, half of the supersymmetry generators are broken and only N’ =1
supersymmetry remains unbroken. For the gravitational and gauge multiplets of the un-
twisted sector the projection conditions are [[I§

vg-(N—N*)—vg-q+Vf-p:0mod1, (3.1)

where vy = 3vg, and Vy = 3V + naWs are the local twists at the fixed points no = 0,1 in
the SO(4) plane.

In this paper we consider an anisotropic orbifold where the SO(4) plane is much larger
than the G2 and SU(3) planes. The Kaluza-Klein states of the SO(4) plane can be included
in an effective field theory below the string scale by considering fields in the two large
compact dimensions instead of 4D zero modes which are assumed to be constant in the
compact dimensions. For the Zy twist, one has (cf. [I§]) (62, lf)(z? +23) = z? — 23, where
(63,1 ) is the space group element of the fixed point f and 23 = 9® 4+ iyb is the complex
coordinate in the SO(4) plane. The projection conditions (B.J]) for the massless states then
become local projection conditions for fields in the compact dimensions,

Py d(yr +y) =np(d) dlyr —y)

. ST (3.2)
n(o) = exp{Qm (’02 “(N=N*"—q)+ V5 p)} .
The momenta p, ¢ and the oscillator number N — N* of the states determine the quantum
numbers of the corresponding fields ¢, and n¢(¢) = +1. Only fields which have positive
parity at all fixed points have zero modes.

As an example, consider the 6D metric

ds? = gyndzMday = g dztdz” + 2g,mdrtdy™ + gmndy™dy™ | (3.3)



Bulk ng=0 |V |¢|t
(3511 | 24L,0) |+ | -] 0
(5;1,1) | — | + | —6

(5;1,1) | — |+ | 6

(L;1,1) [ +| -] 0

(1;8,1) | (1;81) |+|—] O
(1;1,28) | (1,1,28) | +| —| 0

Table 3: Local decomposition of vector multiplets at ny = 0.

where z# and y™ are the coordinates of 4D Minkowski space and the two compact dimen-
sions, respectively. One easily obtains from egs. (R-§) and (B-2) the projection conditions

guu(x7y) = guv(, -y) gum(x7y) = —gum (T, ~y) s Gmn(®,Y) = Gmn(z,—y) . (3.4)

The 4D zero mode g, (x) is part of the N' = 1 supergravity multiplet (g, ,,) while the
three degrees of freedom in g, (z) join with Bsg to form the moduli multiplets 7' and S
containing the radion field and the complex structure of the torus.

The projection conditions for the N = 2 vector multiplets A are most conveniently
expressed in terms of the corresponding NV = 1 vector (V) and chiral (¢) multiplets,
A = (V,¢), which are elements of the Lie algebra of the 6D bulk gauge group. The
unbroken gauge group at the fixed point f is determined by the condition

p-Vy;=0mod 1. (3.5)

At the fixed points no = 0 and ny = 1 in the SO(4) plane, the bulk gauge group SU(6) x
[SU(3) x SO(8)] is broken to subgroups containing SU(5) x [SU(3) x SU(8)] and SU(2) x
SU(4) x [SU(2)' x SU(4)"], respectively. At the two fixed points the conditions for the vector
and chiral multiplets are given by

PiV(z,yr —y)Pr =V(z,yr +vy), Pro(x,yr —y)Pr=—o(x,yr+y), (3.6)

where Py is the Zy parity matrix. Again only N/ = 1 supersymmetry remains unbroken.
As an example, for the SU(6) factor, one has Py = diag(1,1,1,1,1,—1) at ny = 0, and
P, = diag(1,1,—1,—1,—1,—1) at ng = 1. The decomposition of the bulk gauge fields
with respect to the locally unbroken subgroups, together with all U(1) charges, are listed
in tables f and [l For the unbroken subgroup, vectors have positive and scalars negative
parity; for the broken generators the situation is reversed.

At the fixed point ng = 0 the GUT group SU(5) x U(1) is unbroken, and the N’ =2
vector multiplet 35 of SU(6) splits into the N' = 1 vector multiplets 24 + 1 with pos-
itive parity and the A/ = 1 chiral multiplets 5 + 5 with positive parity from the coset
SU(6) /(SU(5) x U(1)). From table f] one reads off that the projection condition at the

fixed point ny = 1 projects out the colour triplets from both the 5- and the 5-plets. This



Bulk ng = A\ gb té t7 tg
35:1,1) | 3,1;1,1) [+ |—=] o | 0o | 0
(1,15;1,1) |+ | —=| 0 [ 0| 0
(2,4;1,1) | —|+| 15| 0] 0
(2,4;1,1) | —|+|-15| 0 | 0
(1,;1,1) |+ | -] 0o | 0| O
(1;8,1) | (1,1;3,1) |+ |—| O 0 0
(1,1;2,1) | —=|+| 0 | 3|0
(1,1;2,1) | —=|+| 0 |=3|0
(1,;1,1) |+ | -] 0o | 0| O
(1;1,28) | (1,1;1,15) [+ | =] 0o | 0 | O
(1,1;1,6) | —|+| 0 | 0 | 2
(1,1;1,6) | —|+| 0 | 0 | =2
(LLLLY [+[—=| 0 | 0|0

Table 4: Local decomposition of vector multiplets at ny = 1.

is the well known doublet-triplet splitting of orbifold GUTs. As we shall discuss in sec-
tion [, the remaining SU(2) doublets can play the role of Higgs or lepton doublets in the
4D effective theory.

The N = 2 hypermultiplets H consist of pairs of ' = 1 left- and right-chiral multiplets,
H = (Hp, Hg). For the projection conditions one finds

PiHp(z,yr —y) =nfHp(x,yr +y) . PrHp(x,yr —y) = —ngHr(z,yr +y), (3.7

where Py is now a matrix in the representation of H, and 7y has to be calculated using
eq. (B-9). The parities for the hypermultiplets from the untwisted sector, decomposed with
respect to the unbroken groups at the fixed points no = 0 and ny = 1 are listed in the
tables | and B

Zero modes with standard model quantum numbers are contained in two N = 1 chiral
multiplets which are SU(5) 10-plets,

Hp=(10;1,1), Hp = (10%1,1) . (3.8)

From the tables [ and [] one easily verifies that the projection conditions at the fixed point
ny = 1 yield the following quark-lepton states as 4D zero modes:

10: (3,2) =¢q; 10°: (3,1) =, (1,1) = €. (3.9)

Together, the zero modes have again the quantum numbers of one SU(5) 10-plet. However,
as we shall see in section 6, it is crucial for their Yukawa couplings that they originate from
two distinct SU(5) 10-plets.

As discussed in the previous section, the N' = 2 hypermultiplets from the T5 /Ty sector
are bulk fields in the SO(4) plane, but localized in the G and SU(3) planes. With respect

,10,



Bulk ng=0 | Hp | Hr | 13| t1 | ta | t3 | ta | t5
(20;1,1) | (10;1,1) | + | — |3 |—3| 2] 00| O
(10;1,1) | — | + [-3|—-3| 3 | 0] 0] 0
(1;1,8) | (1;1,8) | — | + 0| 0| 0[O0 ]|=1|0
(L1,8) | (1,8) | + | — [0 0| O | O] 3|32
(,1,8:) | (1;1,8) | + | — 0|0 |00 |2
(LLY | LYy | — |+ 0| 3| L2130 0|
(LLY | (LLY |+ | = |0 3 |32 |-3]0] 0|
(1;1,1) | (1,1) | + | — (0| 1 |[=1] 0] 0] 0 |Us
(1;1,1) | (L, | + | = 0| =1]=1| 0] 0| 0 |Us
Table 5: Local decomposition of untwisted hypermultiplets at no = 0.
Bulk no=1 | Hy |Hg| t§ |tz | ts | t1 | to | t3 | ta | t5
(20;1,1) | (2,6;1,1) | — | + | 0 [0 O |—-3| 2 0|0 ] O
(L41,1) | + | — |-15{0] 0 [—=3| 30|00
(L41,1) | + | — | 15|00 [-=3|3 0|00
(1;1,8) | (1,1;1,4) | — | + | O |O|—=1] 0O | O] O|—-1]|0
1,1;1,49) | + | — | 0 o] 1 |O0O]|]O]O0O|=1]o0
(1;1,8.) | (1,1;1,6) | — | + o |{ojo |0 |O0]oO]|42% |2
(1,1;1,1) | + | — o |o|2|0|0]o0]|2%]|-2
(1,1;1,1) | + | — o |0|-2|0|0]o0]42%]|-2
(1;1,8¢) | (1,1;1,4) | — | + o |o|1|0|o0]oO0]| 24 ]|3
(1,1;1,4) | + | — 0O |0|-1|0|O0]O0O]| 24|32
(L1, | LYy [ — |+ | 0 0[O0 3|3 ]3]0]|0|0
(1;1,1) | (1,1;1,1) | — | + 0 (0] 0| 3 |2 |=3]0|0/|0U
(1;1,1) | (L,L,) | — |+, 0 0|01 |=1[0] 0] 0 |Us
(1;1,1) | (L,;,1) | — |+ [ 0 0] O |—=1|-1[0 ]| 0] 0 |U

Table 6: Local decomposition of untwisted hypermultiplets at no = 1.

to the bulk gauge group they transform as (6;1,1), (6;1,1), (1;3,1), (1;3,1), (1;1,8),
(1;1,8.), (1;1,8;) and (1;1,1). One can form linear combinations of the states localized
at the equivalent fixed points in the Go plane, which are eigenstates of the Zo twist,
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©3|q,) = exp{(2mig,)}|q,). For the twisted sector fields the projection conditions depend
on the phase ¢,, and the parities n¢(¢) are given by

np(6) = exp{2mi (v (V= N* =)+ Vs -p+,) } - (3.10)

For the T/Ty twisted states g, takes the values 0,1/2,1. The corresponding 6 parities
for all hypermultiplets H = (Hp,, Hg) at the fixed points ny = 0 and ng = 1 are listed in
tables L2HL5.

The 6D theory contains 9 hypermultiplets of SU(5) 5-plets and 9 hypermultiplets of 5-
plets. Each hypermultiplet contains a pair of 5 and 5 ' = 1 chiral multiplets. As table [LJ
shows, the positive parities select from each triplet of hypermultiplets, with ¢, = 0,1/2,1,
a chiral combination of 5-plets: one 5 and two 5’s or two 5’s and one 5. The projection
conditions at ny = 1 then leave as 4D zero modes from each 5- or 5-plet either the SU(3)
triplet or the SU(2) doublet. In this way a spectrum of massless states is generated which
is chiral with respect to the standard model group.

The Zs orbifolding leads from the Zsz orbifold model of section [ to a Zg orbifold model,
and therefore to new twisted sectors 77 /T5 and T5. The massless states are obtained from
the corresponding mass equations (cf. [[§]) with & = 1 and k = 3, respectively. In the T3
sector one can choose a basis of eigenstates of the Zs3 twist, ©%|¢,) = exp{(27ig,)}|g,), with
gy =0,1/3,—1/3,1 (cf. [1§]). The projection conditions for physical states now involve the
parities

1 (¢) = exp{27ri (vg (N=N*"—q)+V; -p+qa,>} . (3.11)

The states are bulk fields in the SU(3) plane, whose extension we neglect, but localized in
the G2 and SO(4) planes. All massless states from the 71 /75 and T3 sectors at the fixed
points ny = 0 and ny = 1 are listed in tables [[§ and [7.

At both fixed points with ne = 0, one standard model family with SU(5) quantum
numbers 5 + 10 occurs. All other states are standard model singlets. On the contrary,
there are no standard model singlets at the fixed point ny = 1, but only colour singlets
with exotic SU(2) x U(1) quantum numbers.

So far we have ignored the localization number nf, = 0, 1 of the fixed points in the SO(4)
plane, since it just leads to a doubling of the states localized at ny = 0,1. Altogether, we
have a rather simple picture for the standard model non-singlet states: There are two
quark-lepton families localized at

ne=0,nb=0,1: 5 + 10. (3.12)
From the bulk fields, vector and hypermultiplets, we have
11x5 +9x5 + 10 + 10°. (3.13)

The spectrum is chiral and looks like four quark-lepton families plus 9 pairs of 5’s and 5’s.
However, the projection conditions at the no = 1 fixed points eliminate half of the bulk
fields, so that one is left with three quark-lepton families and several vector-like pairs of
SU(3) triplets and SU(2) doublets which can accomodate a pair of Higgs doublets. Which
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U(1) | Generator Embedding into Eg x Eg Bulk | no=0|nys =1
ty | (0,1,0,0,0,0,0,0) (0,0,0,0,0,0,0,0) V V V
t» | (0,0,1,0,0,0,0,0) (0,0,0,0,0,0,0,0) V V V
t3 | (1,0,0,1,1,1,1,1)(0,0,0,0,0,0,0,0) Vv Vv v
ty | (0,0,0,0,0,0,0,0)(1,0,0,0,0,0,0,0) i i i
ts | (0,0,0,0,0,0,0,0) (0,1,1,1,0,0,0,0) V V V
9 1(5,0,0,—1,-1,-1,-1,-1) (0,0,0,0,0,0,0,0) X V X
t& 1 (5,0,0,—10,-10,5,5,5) (0,0,0,0,0,0,0,0) X X v
ty (00000000)(0,1,1,—2,0,0,0,0) X X v
ts | (0,0,0,0,0,0,0, 0) (0,0,0,0,—1,—1,—1,1) X X v
2 | (5,0,—4,— -1,-1,-1) (5,—1,-1,-1,0,0,0,0) Vv

to] (1,3, 1,1,1,1,1,1)( 4,4,4,4,0,0,0,0) Vi
© -5 -8-3-1-D 03330000

Table 7: Definition of the U(1) generators. The last three columns indicate whether the generator
is part of a non-Abelian group (x) or commutes with the semi-simple group (y/) in the bulk and

at the fixed points. The anomalous U(1)’s are linear combinations of the commuting U(1)’s at the

fixed point specified by the superscript or in four dimensions; they are denoted by t0 , L and tgid),

n’ “an

respectively.

5’s contain the quark and lepton states of the third family, and which one the Higgs doublet
depends on the chosen vacuum. At the fixed points no = 1 there are additional localized
states with exotic quantum numbers. Using the tables 3, 4, 12 and 13 one can check that
the spectrum of zero modes obtained in [[[g] is reproduced.

The determination of possible supersymmetric vacua, where some of the standard
model singlet fields acquire large VEVs, is discussed in sections 5 and 6. In such vacua,
unwanted SU(3) triplets and SU(2) can be decoupled. The positive and negative parities
at the fixed points ny = 0,1, listed in the tables f-f| and [ZHLF, are also needed to check
the cancellation of anomalies for the constructed 6D supergravity theory.

4. Anomalies

Anomalies of field theories on orbifolds are well understood PR], and also the six-
dimensional case has been discussed in detail 1, P7, P8, B2, P9]. In general the orbifold
anomaly has bulk and brane contributions. While the bulk terms are already present
in the torus compactification, the localized anomalies crucially depend on the projection
conditions at the orbifold fixed points and the twisted sectors of the orbifold. Thus the
requirement that all anomalies of the model can be cancelled imposes highly non-trivial
conditions on the spectrum. In the present model their fulfillment is guaranteed by the fact
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that it has been derived from string theory, which automatically provides the right Green-
Schwarz terms for anomaly cancellation [2(]. In this section we apply its six-dimensional
version [21], BZ to our effective T2 /Zs orbifold model.

4.1 Anomalies and the Green-Schwarz mechanism

Gauge anomalies require chiral fermions?

, so they can occur in any even dimension. Gravi-
tational anomalies®, on the other hand, only arise in 4k +2 dimensions (k = 0, 1,...), hence
they will appear in the bulk theory, but not on the branes.

The anomaly A is defined as the (nonvanishing) gauge variation of the effective action,
A(A) = 65T Tt can be computed from the anomaly polynomial, a (formal) closed and

gauge invariant (d + 2)-form I, o, via the Stora-Zumino descent equations [B{],
A(A) o / 1V arV =600, Il = 1gp, (4.1)

where the superscript indicates the order in the parameter A. ;49 is a polynomial in traces
of powers of the Riemann and Yang-Mills field strength tensors R and FJ, interpreted as
matrix-valued two-forms %RW Jdatda? and %F I ;wij dax#da¥. They are derived from spin
and gauge connection one-forms as R = dQ 4+ Q° and F; = dA; + A%, where I labels the
factors of the gauge group. Here a, b are indices in the vector representation of SO (1,d — 1),
1,7 are indices of some representation of the gauge group, and wedge products of forms are
understood. Expressions of the form tr F7* or tr R", the building blocks of I, are always
closed and gauge invariant. Their coefficients in the anomaly polynomial depend on the
numbers, representations and charges of the fermions under the respective gauge groups.
For the Green-Schwarz mechanism to cancel the anomalies, we exploit the transforma-
tion properties of the two-form By = %dex“dx”. Its variation under gauge and Lorentz

transformations with parameters A; and O is

0By =tr(©dQ) =Y artr(ArdA;) . (4.2)
1

The coefficients a; are agy vy = 2 and aggyy = 1 (the U(1) coefficients are normalization
dependent). The crucial feature of this transformation is that By itself is the descent of
the closed and gauge invariant four-form

Xy=trR* =) ortrF7 (4.3)
1

such that the 3-form field strength H3 = dBy — X?EO) associated with Bs is invariant. By
adding appropriate interaction terms of the B-field to the action it is now possible to
achieve a complete cancellation of the reducible anomalies.

2Also (anti)self-dual tensor fields can contribute. Since in our model there is one tensor field of each
type, their effects cancel.

3 Anomalies in local Lorentz transformations and in general coordinate transformations are equivalent in
the sense that the anomaly can be shifted from one to the other by local counterterms. We will consider
anomalies in local Lorentz transformations and refer to those as gravitational.
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For T2 /7y orbifolds, the total anomaly polynomial Iy is of the form

1
Is = 5[};““‘ + Z Ig(SQ(y —yy) dydy® | (4.4)
f

where I g“lk is the anomaly polynomial on R"3 x T2, and I, g is the local anomaly polynomial
at the fixed point f. I(J; receives two kinds of contributions: Brane-localized fields and bulk
fields surviving the orbifold projection at this particular fixed point. The latter, however,
contribute with a factor of i because the orbifold contains four fixed points. The factor %
in (f4) enters since the fundamental domain of the orbifold is half the one of the torus.
These anomalies can be cancelled by the Green-Schwarz mechanism if Ig is reducible, i.e.,
if it factorizes into a product involving X,. For the components this means

1% = 3 X,y I =axlyy. (4.5)

Here X Z follows from X4 by projection onto the local gauge group, and we have pulled out
factors a = m and § = ﬁ. Since tr R = tr F' = 0 for non-Abelian gauge groups,
the localized two-forms Y2f can only be linear combinations of U(1) field strengths, which
can be redefined as YQf =cfFf = cfdAf. A and the corresponding generator are referred
to as the anomalous U(1) at the fixed point f.

If the anomaly polynomial factorizes in the required way, the total anomaly A = [ Iél)

descends from (f4) and is cancelled by variation of the Green-Schwarz action 23],

Sas = / - gy;fo) +a AT (y —yp) dyPdy® | dB
d (4.6)
+ gYs(O) + 3> Ay -y dydy® | X
7

4.2 Bulk anomalies

We now check the cancellation of bulk anomalies in the model at hand. It is convenient
to split the gauge group index as I = (A4, u), with A, B,... running over the non-Abelian
factors, i.e. SU(6), SU(3) and SO(8), while u,v,... =1,...,5 label the U(1) factors. The
anomaly polynomial for the six-dimensional case is given in ref. R1]. Here we first check
that the irreducible pieces cancel and then show that the remaining parts factorize as
in (L3).

There are three contributions in the anomaly polynomial which cannot be reducible:

e The most severe constraint arises from the quartic pure gravitational anomaly. The
corresponding term in the anomaly polynomial is

(244 +y — s)tr R*. (4.7)

It is sensitive only to the number of gauginos y and hyperinos s, which contribute
with opposite signs due to their opposite chiralities, and the gravitino and dilatino.
The necessary condition s — y = 244 is fulfilled in our model, as can be seen from

tables [L( and [L1].
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e Quartic non-Abelian anomalies receive contributions from the gaugino in the adjoint
representation which need to be cancelled by opposite-chirality hyperinos. Denoting
the number of hypermultiplets in representation 7’ of group factor G4 by sf4, the
quartic terms are

TrFi—> st Fi, A=SU(6),SU(3),80(8) . (4.8)
7
Here Tr and tr,: denote traces in the adjoint representation and in the representa-
tion r¢, respectively. We can convert all traces to the fundamental representation
(denoted simply by tr), which will introduce representation indices, and possibly
terms ~ (tr Ffl)Q, and finally leads to the following constraints:

SUM6): 1246520 —s8— 8 =0, (4.92)
1 1
80(8) . 5883 + 5580 — 88 =0. (49b)

SU(3) does not have a fourth-order Casimir invariant and hence tr FéU(s) does not

give a condition at this point.

e Finally, the (non-Abelian)3-Abelian anomaly has to vanish for reducibility. Again
we convert all traces to the fundamental representation, and have to consider the
U(1) charges of the hypermultiplets. We get two nontrivial conditions for each U(1)
(SO(8) has no third-order Casimir):

SUB): > g =D ¢S =0, (4.10a)
6; 6;
SUB): > gd=> gd=0. (4.10b)

From the U(1) charges in table [L]] we see that also these constraints are satisfied.

For the remaining anomaly polynomial we normalize the U(1)’s from table [ by intro-
ducing f, = t,/v/2|t.|. As shown in appendix [B, this leads to a factorization of the bulk
anomaly polynomial which is of the form (f£.5):

1
i(2m)? Ik = —

tr R? — 2tr Fiyq) — 2tr Fay(s) — tr Faoe) — Y o
u

16
< |trR? = BuFuF, (4.11)
u,v
1
=—X,Y,.
16 4 4
The symmetric coefficient matrix G,, in the t, basis is
3-10-10
30-10
Buv = 2.0 V2. (4.12)
4 0
4
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We conclude that all bulk anomalies of our orbifold model are cancelled by variations of

the terms ~ Y:?.(O) in eq. ([.6).

4.3 Brane anomalies

Since our model contains one Wilson line in the SO(4) plane, the spectra at the fixed points
only depend on ny and not on nj, so that we have to evaluate two anomaly polynomials
Ig’l in the following.

At a fixed point, there are no gravitational anomalies, and so the only irreducible
contributions are non-Abelian cubic ones. Matter now comes in chiral multiplets which can
have both chiralities and thus contribute with opposite signs. Furthermore, the anomaly
induced by bulk fields surviving the projection is suppressed by a factor of i with respect
to the contributions from localized fields. Taking this into account, the cubic non-Abelian
anomalies are of the form

- — sty F3— sCT by F3 (4.13)
Z < A A

bulk r locr

where the sum is over representations r of the local group factor A, and the SSL)F and

5547)1‘ denote the number of multiplets in that representation with positive and negative
chirality, respectively. We take the localized fields to be left-handed. Using tables [IJ to
[[7, one finds that the model contains no irreducible local anomalies. Vector multiplets do
not contribute to anomalies, as they are in a real representation of the gauge group, and
neither do the hypermultiplet remnants of 6D vector multiplets, since they come in left-
and right-handed form.

For the local reducible anomalies we find the following factorization at no, = 0,1

(cf. appendix B):

i(2m)310 = —% [ (rR?) =2 (1 Fys)) — 2 (0 Py (4.14)
<trFSO(8> ZFﬁ] (tro #2,) FO,
u=1
i = g | (0 7) 2 (wR) ~2 (0 Fhg) -2 (0 ) 419)

(trF§U4)) ZF] (tryth,) F*.

The traces of the anomalous U(1)’s are the sums of the charges of the fields present at
the given fixed point, and again the contributions of surviving bulk fields are weighted
with a factor of i. The indices u,v in the formulae above run over a basis spanned by
the anomalous U(1) and orthogonal generators, ff i, #, - # =0, (u>1). The
normalization is chosen such that all Abelian factors have level 1, namely =1t / \/§|t5|
The factorization is of the form ({.§) such that we conclude that all anomalies of our model
are cancelled by the localized part of the Green-Schwarz term ([.4).
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Equations ({.14) and ({.15) reveal that due to the presence of one Wilson line there
are two distinct anomalous U(1) factors t2, and ! in the model, one for each inequivalent

fixed point. For the (unnormalized) anomalous generators from table [ we find the following
traces:
trotd =2t0 | =148, tritl =t > =280. (4.16)

The 4D anomalous U(1) follows from integrating the Green-Schwarz term over the internal
dimensions. As can be seen from ([.6), this amounts to summing the normalized local
U(1)’s. The four-dimensional anomaly polynomial again is of the form ([.5), so we can
deduce the anomalous U(1) in four dimensions from

(4d) 0 1
tr4d tan (4d) <tI‘0 tan 0 trl tan 1 >
—adan yd) _ o 0+ th) . (4.17)
D i, ot e e

Here tryq denotes the trace over the low-energy spectrum, i.e. zero modes of bulk fields
and localized fields, but excluding bulk fields which only survive at ny = 0 or ny = 1.
Note that the factor of i included in the definitions of trg and tr; ensures that zero mode
contributions are counted only once. Thus we find the anomalous generator t39 from [

with tr£iad) = 12 [t{D)2 = 88 as

tD =~ (249 +1) . (4.18)

(2N

So all appearing anomalies have been cancelled, either among themselves or by the
Green-Schwarz mechanism. We would like to emphasize that there is no free parameter
involved: the fields and gauge groups are fixed, as well as the transformation property of
Bysn, which is the only available antisymmetric tensor field which can cancel anomalies.
Hence the way in which the different sectors combine in the correct way appears highly
non-trivial.

5. Decoupling of exotic states

Let us now consider the decoupling of states with exotic standard model quantum numbers.
These are the SU(5) 5-plets of bulk hypermultiplets which originate from the T5/Ty- and
the untwisted sector, and the SU(2) doublets and singlets with non-zero hypercharge from
the Ty /T5- and Ts-sectors at the fixed points no = 1. Note that no exotic matter is located
at the fixed points no = 0. All the exotic 5-plets and most of the exotic matter at ny = 1
can be decoupled by VEVs of just a few standard model singlet fields. This decoupling
takes place locally at one of the fixed points, which is a crucial difference compared to
previous discussions of decoupling in four dimensions [I§, [[9].

The N = 2 hypermultiplets H = (Hp,, Hg) consist of pairs of N' = 1 left- and right-
chiral multiplets either from the T» and T, twisted sectors, or from the untwisted sector.
The charge conjugate left-chiral multiplet Hf has the opposite gauge quantum numbers
as Hp. Hence the SU(5) 5- and 5-hypermultiplets contain the exotic N' = 1 left-chiral
multiplets 5 and 5°.
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SU3) x SU(2) | (1,2) (3,1) (1,2)|(1,2) (3,1) (1,2) (3,1) (1,2)
Uy 0 —2 0 0 2 0 -
MSSM H, Hy d3 I3

Table 8: The remaining 5’s and 5’s after the decoupling through W;. The SU(3) x SU(2) repre-
sentations, B — L charges and MSSM identification refer to the zero modes.

The products 5,,55, and 5,,5,., ng = 0,1,2, are total gauge singlet N' = 1 chi-
ral multiplets. They do carry, however, non-zero R-charges, R = (—1,—1,0) (cf. ap-
pendix [A.1). One easily verifies (cf. tables [}, [ and [Lf in the appendices A.1 and A.3)
that the product Y{S1S5 of standard model singlet fields is a total gauge singlet with R-
charges R = (0,0,—1). Sy and S5 are oscillator states localized at the fixed points ny = 0.

One therefore obtains the local N'= 1 superpotential terms
Wy = }7005155 (5058 + 5058 + 57 f + 515? + 5255 + 5255) . (5.1)

All terms are total gauge singlets with R-charges R = (—1,—1,—1). Hence, the H-
momentum rules are satisfied, as are the space selection rules (cf. [Ig]).

From eq. (B.1)) we conclude that a large vacuum expectation value (Y{'S1S5) removes
6 pairs of (5,5)-plets* from the low energy spectrum. Since we have 3 positive parities for
each value of ng (cf. tables fland [[J), 6 5- or 5-plets remain. The mass terms are localized
at the fixed points no = 0. Bulk mass terms between hypermultiplets are forbidden by
N = 2 supersymmetry.

Inspection of tables E and |12 shows that from the T5-, T4- and untwisted sectors three
5’s and five 5’s remain: 5, 5, 55, 5, 51, 51, 55, 5o. The further decoupling is motivated
by phenomenological arguments and by simplicity. The projection condition at the fixed
points ny = 1 leave as 4D zero modes from each 5 and 5 either an SU(3) triplet or an
SU(2) doublet. With respect to the U(1)5_; generator identified in [[Lg],

t ={0,1,1,0,0 22 2 111 10000 (5.2)

B—-L — y Ly Ly Uy Uy 35 35 3 979797 92D ) .
these massless states have the B — L charges listed in table §. This suggests to decouple
5; and 55, which is possible with a local coupling at the fixed point ng = 0,

Wy = Y5155 555 , (5.3)

and a large VEV (Y,5155).
From the remaining 5-plets, either 5 or 5; can be chosen as Higgs field H,. A large
top-quark coupling is obtained for 5 O H,,. 51 can be easily decoupled using the 6D gauge

“When the distinction between T5—T4 and untwisted sector does not matter, we collectively denote 5
and 5° by 5, and 5 and 5° by 5.
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coupling with the chiral multiplet 5 of the SU(6) 35-plet,
Wy D V2g (X055§ + Xo55) + X{515 + X{515 + X2555 + X55,5) | (5.4)

with a large VEV (X¢). The remaining 5-plets 55 and 5; then correspond to a lepton
doublet and the Higgs field Hy, respectively. The chosen vacuum is similar to the B — L
conserving vacuum discussed in [[I§]. It corresponds to partial gauge-Higgs unification for
H,. If one chooses to decouple 5 instead of 51, one has no gauge-Higgs unification. Alter-
natively, one can also keep 5 and 5 massless, corresponding to full gauge-Higgs unification.

All other exotic states are localized at ng = 1. The SU(2) doublets M; and some of
the SU(2) singlets Sii can already be decoupled by cubic terms,

W3 = ZchlM4 + ZSMQM;J, , (55)

Wi = Vs (SEST +S$87) + 2 (S{85 +S£8))

(5.6)

+ 75 (S3SF +S7567) + U (S S5 +557857)

with large VEVs (Z5), (Z§), (YS), (Za), (Uf). The decoupling of the remaining exotic

singlets with hypercharge, Sfr , Sy, S; , S¢ » ST, S;r requires higher dimensional operators
(cf. [1§, [[9]), which we will not discuss further in this paper.

After the decoupling of altogether 8 pairs of (5, 5)-plets we are left with two localized

families,
(ng,né) = (0,0) : 5(1), 10(1); (ng,né) = (0, 1) . 5(2), 10(2) s (5.7)

together with two further families and a pair of Higgs doublets in the bulk:
5(3) = 55, 10(3) = 10; 5(4) = 52, 10(4) = Ec; Hu = 5, Hd = 51 . (5.8)

At the fixed points ng = 0 these chiral A/ = 1 multiplets form a local SU(5) GUT theory.
The corresponding Yukawa couplings will be discussed in the following section. From the
two bulk families, half of the states are projected out by the projection conditions at no = 1,
and together they give rise to one family of zero modes (cf. eq. (B.9) and table §).

Note that the decoupling terms (b)), (F-3), (F.5) and (F.6) require VEVs of both bulk
and localized fields. The localized singlets S; and S5 correspond to oscillator modes. As
we will see in section [f, bulk and brane field backgrounds are typically induced by local
Fayet-Iliopoulos (FI) terms. The non-vanishing VEVs of localized fields are often related
to a resolution of the orbifold singularities [BI], BJ]. However, a study of the blow-up of
the considered orbifold to a smooth manifold and the geometrical interpretation of the

localized VEVs is beyond the scope of this work.

6. Yukawa couplings

In the previous section we have obtained four quark-lepton families transforming as
(5(i) + 10(;)) under SU(5), where i is a generation index. Two families are localized at
the branes (i = 1,2) and two are bulk fields. The corresponding superpotential reads

Wk = C11010(,)10(;y H, + C810(;)Hq , (6.1)
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where the couplings C’Z(]u ) and Ci(]d ) are composed of singlet fields such that the superpoten-
tial obeys the string selection rules (cf. [L§]).
As an example, we consider a vacuum where in addition to the fields

}7(]07517557Y07X107257Z87Y207Z27227U16 ) (62)
used in section 5 for decoupling, only the singlets
chayi,Y1,S3,S4,S7 (63)

aquire non-zero VEVs. After a straightforward calculation, we find that up to O(8) in the
fields, this vacuum leads to couplings

aj 0 ao as 00 b1 b2

u 0 aj as as (d) 00 b1 b2
* ao a9 0 g ’ K b3 b3 b4 0 ’ ( )

az az g as bs bs be b2

with

a1 = (Y5Y5S153), as = ((570651)2 Ss), ag = (Y§Y5S15555), (6.5)
aq = <YOCY005153 (55)2>, (6.6)
b = (Yo¥1 (S5)° (S7)%), by = (X{Y3UTS7), by = (X{Y153(S557)%),  (6.7)
by = (X§)? YIUSS4S7), bs = (S5), be = (X5)?Y15157) . (6.8)

Note that the chosen vacuum yields non-vanishing Yukawa couplings while the u-term is
only generated at higher order.

The Yukawa couplings (f.1)) are SU(5) invariant, hence we have obtained an SU(5)
GUT model. Note that the SU(5) Yukawa interactions are local since the fields S; are
localized at the fixed points ns = 0, i.e., we have a local SU(5) GUT model. The only
exception is C?EZ) = ig) = g, which is a remnant of the SU(6) bulk gauge interaction. It
is a consequence of the partial gauge-Higgs unification of the present model, which implies
a phenomenologically attractive large top Yukawa coupling.

We can now proceed and deduce the corresponding Yukawa couplings in four dimen-
sions. As described in section [], half of each of the two bulk families is projected out by the
additional Zg orbifold condition at the second pair of fixed points (ny = 1). The remaining
fields from the split bulk matter multiplets then form the content of the third standard

model family. The 4D Yukawa terms are
_ v, c (d) gc (Oypee
Wy =Y} uiqiHy + Y " diqiHg + Y, lieSHy (6.9)

where 7,5 = 1,2, 3 is a family index, and

ar 0 a3 0 0 by 00 b
y9=10ma|. vi=loown|. v'=[oo0n|. (610
az az g bs bs by b3 b3 by
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5310 exotics

5310 exotics

Figure 2: The orbifold 72/Z,. The blue dots (on the left) label the fixed points with ny = 0, the
red ones (right) have ny = 1. Two quark-lepton generations live at the ny = 0 fixed points, the
third one originates from two SU(5) 5 and 10 multiplets in the bulk, half of which is projected out
due to the boundary conditions at ny = 1.

The Yukawa matrices for down quarks and leptons are different, although they originate
from SU(5) invariant couplings of the 6D theory. This is due to the split multiplets which
form the third quark-lepton family. In this way the mostly unsuccessful SU(5) predic-
tions for fermion masses are avoided. However, one also loses the successful prediction
my(Mcut) ~ m-(Mgur).

The obtained local SU(5) GUT model is phenomenologically not viable. Not only are
electron and down-quark massless, which may be corrected by higher powers of singlet
VEVs, but the main problem are R-parity violating Yukawa couplings leading to rapid
proton decay, which we have not listed. However, the present model is just an example of
a large class of models [[[J], and it is likely that the phenomenology can be improved. In
the above discussion we have also ignored neutrino masses which can be generated by a
seesaw mechanism typically involving many singlet fields [B3].

7. Supersymmetric vacua

In the previous sections we have discussed phenomenologically wanted vacuum configura-
tions, i.e. expectation values of singlet fields, which decouple states with exotic quantum
numbers and generate Yukawa couplings for quarks and leptons. The analysis and classi-
fication of these vacua is a difficult problem. In particular, one has to show that AV = 1
supersymmetry remains unbroken in four dimensions. For the present model the conditions
for vanishing F- and D-terms have been discussed in [E] A crucial role is played by the
Fayet-Iliopoulos D-term of the anomalous U(1), which drives fields away from zero (cf. [B4)).

In this paper we are studying the case where two of the compact dimensions are larger
than the other four. Such an ansatz assumes that the size of the large dimensions can be
stabilized at a scale 1/Mqut > 1/Mstring. To prove this one has to find supersymmetric
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vacua of the effective 6D field theory which incorporates Kaluza-Klein states with masses
between Mgyt and Mgtring-

As we saw in section 4, the 6D theory has different Fayet-Iliopoulos terms at the
inequivalent fixed points in the SO(4)-plane (cf. ([{.17)),

Ler =Y & 8 (y—yy) <—D§ + Fs{e;) ; (7.1)
!

where at f = (ng,nb),

gM FQ) tro tgn
38472 |t0|2 ’
an

gMFQ) try telm
38472 |t1|2 '
an

0,00 = &0,1) = §,0) =& = (7.2)

Integrating over the two compact dimensions reproduces the 4D Fayet-Iliopoulos term
of [L§.

In the case of flat space, localized FI terms have been studied in [PJ], and it has been
shown that they lead to an instability of the bulk fields and to spontaneous localization
towards the fixed points. For our 6D supergravity theory this analysis has to be extended to
include the gravitational, antisymmetric tensor and dilaton fields. In general, one expects
warped solutions, and it is not clear whether N' = 1 supersymmetry remains unbroken in
four dimensions. These questions are beyond the scope of the present paper and will be
studied elsewhere.

In the following we will only check whether the VEVs selected in sections 5 and 6
correspond to a supersymmetric vacuum for an isotropic orbifold, where the SO(4)-, SU(3)-
and Ga-planes all have string size, and the different FI terms are approximated by a single F1
term in four dimensions. As discussed in [[[§], vanishing D-terms are guaranteed if all fields
are part of gauge invariant monomials except one which carries negative net anomalous
charge. These conditions are indeed satisfied for the vacuum chosen in sections 5 and 6.
An explicit example of gauge invariant monomials is

X3X35, X515, XngQYfoS? , Xs XgY5Y65457, XEXgX15275357 , (7.3)

supplemented by
X5(X5X7)*Yy (7.4)

which has anomalous charge —22/3.

Since the superpotential of the standard model singlet fields is unknown, we cannot
prove that the F'-terms vanish for the chosen vacuum. We expect, however, a simplification
in the analysis of the superpotential in 6D as compared to 4D, since the superpotential is
generated locally at the fixed points where one has larger unbroken symmetries than in the
4D effective theory.

It will be very interesting to see whether a supersymmetric vacuum of an isotropic
orbifold can be obtained as limiting case from an anisotropic orbifold. The different FI
terms at the orbifold fixed points may play a crucial role in generating the anisotropy, and
it is intriguing that the mass scale of the FI terms is of the order of the grand unification

scale, Mp/V384m? ~ Mgur.
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8. Outlook

We have constructed a 6D supergravity theory as intermediate step in the compactification
of the heterotic string to the supersymmetric standard model in four dimensions. The
theory has N'=2 supersymmetry and one tensor multiplet, and it has a large number of
gravitational, gauge and mixed anomalies, all of which are cancelled by the Green-Schwarz
mechanism. The theory is compactified from six to four dimensions on a Zg orbifold with
two inequivalent pairs of fixed points with unbroken SU(5) and SU(2) x SU(4) symmetry,
respectively.

In addition to the cancellation of anomalies, we have been particularly interested in the
decoupling of exotic states and the emergence of an intermediate SU(5) GUT. Compared
to the 4D theory the decoupling is more transparent due to the larger symmetries, N' = 2
supersymmetry in the bulk and larger gauge symmetries at the orbifold fixed points. It is
remarkable that most exotic states can be decoupled with VEVs of a few standard model
singlet fields at the orbifold fixed points.

A very interesting feature of the theory is the emergence of an intermediate SU(5)
GUT model. Two quark-lepton families are localized at the SU(5) branes and two further
families, together with a pair of 5@ 5 plets are bulk fields. SU(5) is broken by the presence
of the SU(2) x SU(4) branes. This generates a pair of Higgs doublets as split multiplets.
Split multiplets of the two bulk quark-lepton families also form the third quark-lepton
family, with the standard model quantum numbers of one 5-plet and one 10-plet. Due to
the presence of the split multiplets, the Yukawa couplings of the 4D theory break SU(5)
explicitly, thus avoiding unsuccessful SU(5) predictions of ordinary 4D GUTs.

The 6D theory originally has a large number of 5 @& 5 pairs, most of which are
decoupled. As discussed in section 5, the identification of the Higgs fields depends on
the choice of the vacuum configuration, and one can have no, partial or full gauge-Higgs
unification. Since there is no clear distinction between matter and Higgs fields, one
generically expects large R-parity breaking Yukawa couplings leading to fast proton decay,
as it is indeed the case for the vauum chosen in sections 5 and 6. However, since the
considered model is just one example of a large class of similar models [[9], it is likely
that the phenomenology can be improved.

On the theoretical side, the main open problems concerns the stabilization of extra
dimensions at a scale 1/Mqut > 1/Mguing and the existence of corresponding vacua with
unbroken A = 1 supersymmetry. We hope to address these questions elsewhere.

A. States

A.1 R-charges

The R-charges of a chiral multiplet are defined as R' = qgh - (]v - N )i, where qgh is the
shifted H-momentum of the scalar and the vectors N and N* denote oscillator numbers of
left-moving fields in 2% and 2’ directions, respectively (cf. table [g).
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Sector State Excitation | R' R?> R3
v Uy 0 -1 0
U Us,Us,Uy 1 0 0
T All —% _% _%
Ty | S1,8,8 | N*=(1,000| 2 -1 -1
Ty | SiSe | N*=(2,0,0) | & -1 -1
17 S3,85 | N*=(0,1,0) | -1 2 1
O S
3 vy, | N=@010 -1 -2 o0
S I A I
T All T 1
n | S
i viee | N*=(0,1,00|-2 2 o0
Ty Y, xe N =(1,0,0) | -3 -1 0

Table 9: R-charges and oscillator excitations of left-handed states. U denotes the untwisted sector
and a star represents non-vanishing oscillator numbers.

Multiplet | Representation | 1 | to | t3 | t4 | &5 | #
Graviton 1
Tensor 1
Hyper 2
Vector (35;1,1) 35
(1;8,1) 8

(1;1,28) 28

5x(1;1,1) 5

Hyper (20;1,1) -3 5[0 o] 0720
(1;1,8) 0 0 0O |-1] 0 | 8

(1;1,8,) 0|01 0 % 318

(1;1,8,) 0|00 3 |-3]38

(1;1,1) s i]-3]0]0 |1

(1;1,1) —-1|-1]0 0 0 1

(1;1,1) 1 | —-1]0 0 0 1

(1;1,1) 13 13]0]o0]1

Table 10: The massless spectrum of the 6D theory arising from the untwisted sector. There are
76 vector multiplets and 50 hypermultiplets. The second column refers to the representations with
respect to SU(6) x SU(3) x SO(8), t1—t5 are the charges with respect to the U(1) factors of the bulk
gauge group. The first three multiplets arise from the 10D gravitational sector and are complete
gauge singlets.

A.2 Bulk states

In tables ] and [L1] we list the states of the effective 6D bulk theory. They are obtained
from the heterotic string by an Zs orbifold projection with one Wilson line, as described

in section 2.
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Sector | Representation | ng | 1 to t3 ty4 ts | #
Tp/Ty | 3x(6;1,1) [0 | 0 |=2| 1| 2 | 0 |18
3x(6;1,1) [0 0 |=4|-1| %2 | 0 |18
3x(1;1,1) 0| -1|—=%| 0| 2 | 0|3
3x(;1,1) |0 | 1 |—-3|0] 2 | 0|3
T /Ty 3% (1;3,1) oo | 20| -%]1
3% (1;3,1) o0 20| -2]-1]9
3x(1;1,8) | 0|0 | 20| -1 24
To/Ty* | 6x(1;1,1) 00|20 z 0|6
T/ T, 3% (6;1,1) 1|0 |—-3|-1]-%|-1]18
3x(6:;1,1) | 1| 5 | & | 0| -3 [-1]18
3x(L1,1) | 1] 0| 2 | -2 -3 |-1|3
3x(L;1,1) |1 3| -2 1 |-1F]-1|3
Tp/Ty | 3x(1;8,1) |1 |- s | 1] 2 |09
3x(1;3,1) [ 1 |=3 | & | 1| -5 119
3x(1;1,8) | 1| =3 & | 1| & | 3 |24
T /Ty* 6 x (1;1,1) 1|-1] 4 1| -t ]-1]6
T /Ty 3% (6;1,1) 2|t lo | 3] 118
3x (6;1,1) 200 [+ 1| -+ 118
3x (1;1,1) 2 | 3| -2|-1| -+ |13
3x (1;1,1) 200 22| -2]1]3
T/ T, 3% (1;3,1) 2 | =3 & -1 -3 |-1]9
3x(L;3,1) (2 |- 1] 2 |09
3x (1;1,8:) | 2 |—-3| & |-1| & |-3|24
Tp/Ty* | 6x(1;1,1) 2 =211 -2 ] 16

Table 11: The massless spectrum of the 6D theory arising from the 75 and Ty sectors. There are
270 hypermultiplets. The states are localized in the G2 and SU(3) planes, which contain three fixed
points each. The equivalent Go fixed points yield the multiplicity factor three, localization in the
SU(3) plane is given by ng. To/T,* states have non-vanishing oscillator numbers.

A.3 States at the fixed points

In tables 13, [, [4, [[3, [[6 and [[] we list the states at the fixed points ny = 0,1. These
involve bulk states from the Ty /Ty and the untwisted sector (see tables fd) and localized
states from the sectors T; /75 and T5. Xj, X;, Y., Ys, Z;, Z; and U; are bulk fields; S;—Sg
are localized fields.
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Bulk ng =0 ns3 Hp Hr tg t1 to t3 ta ts
. . 1 2
(6’171) (57171) 0 77+77 +:7:+ -1 0 -3 1 3 0
LLY |0 |+ —+|—4+—| 5|0 | =3 1] 3|0 |Xo
(6;1,1) | (B;1,1) | 0 | — 4+, — | +,—+ | 1 0 |-1]-1] 2 0
(11,1 | 0 | +—+|—+—-| 5] 0 | -2 |-1] 2 0 | Xo
. . 1 2
(17171) (11171) 0 +7_7+ _7+7_ 0 1 —3 0 E 0 YO
. . 1 2 \
(17171) (11171) 0 +7_7+ _7+7_ 0 —1 —3 0 E 0 YO
(6;1,1) | (5:1,1) | 1 | +,—+ | —+,—|-1] 0 | =2 | -1]-%2| -1
(1,1 | 1| — 4+, |+ -+ 5 0 | -2 |-1]-1|-1|X4
(6;1,1) | (B;1,1) | 1 | +,—+ | —+—]| 1 1 1 -1 -1
(1;1,1) 1| —+—-|+—-+]|-5] 3 3 -+ -1 Xu
(11,1 | LY | 1|+ —+ | —+—-] 0] 0| 2 |2|-1|-1|MW
(1;171) (1;171) 1 +7_7+ _7+7_ 0 % _% 1 _é -1 Yl
(111785) (111785) 1 +7_7+ _7+7_ 0 —% é 1 é %
(LLy | 2 |+ —+ | —+—-| 5 | 3 Lo -3 1| X
a E. 1 1
6;1,1) | 3;1,1) [ 2 |+, —+ | —+—| 1L |0 | =51 |51
. 1 1 v
(lalyl) 2 77+77 +7*7+ -5 0 -3 1 -3 1 X2
L1y | L) | 2 [+ =+ | == 0 |0 | 3 |2 |-5] 1|V
(51,8) | (1,8¢) | 2 | —4+,— |+, =+ | 0 | =5 | § | -1| § | —%

Table 12: Local decomposition of ground states from the T5/Ty sector at ny = 0. The three

parities for chiral hypermultiplet components Hy,, Hgr correspond to to ¢, = 0, %, 1.
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Bulk ng =1 n3 Hp Hp tfls tr ts t1 ta t3 ta ts
(6;1,1) | (1,41,1) | 0 | —+,— | +,—+| 5 | 0 | 0 [ 0O [ -5 1| % [0
(2,51,) | 0 | +—+ | —+—|-10] 0] 0|0 |-3] 1] 2]0
(6:;1,1) | (1,41,1) | O | —+,— [+ —+| =5 | 0 | 0 | 0 [—5|-1| 2 ] 0
(2,51,) | 0 |+—+ | —+—-| 10|00 |0 |-3]|-1] 2 ]0O
(LL,1Y) | (LLLY) | 0 |4, — 4| —+—] 0 | 0|0 | 1 |—-3|0]| 2] 0 |Y
(L1, | (L,LLY | 0 |4, — 4| —+—-] 0 | 0|0 |-1]|—-3|0]| 2] 0 |
1;3,1) | (LL21) | 0 | +,—+ | —+—| 0 | 1L | 0] 0 | 5 |0|—5]|]1
(171;171) 0 77+77 +777+ 0 -2 0 0 % 0 *% 1 Z()
(133,1) | (LL21) | 0 | — 4= | =+ | 0 | =10 | 0| 3 |0 |—5|-1|
(171;171) 0 +777+ 77+77 0 2 0 0 % 0 *% -1 Z()
(1;1,8) | (1,,1,4) | 0 | +,—+ | —+—| O | O | =1 [ 0 | 2 [0 |—-3|0
(1,1,1,4) | 0 | =+, — | +,—+| 0 | 0| 1 |0 | 2 ]0]|-4]0
61,1) | (1,41,1) | 1 | —4+,—|+—+| 5 | 0] 0 | 0 | -5 |-1]-5]-1
(2,51,) | 1 | 4+,—4 | —+—-|-10] 0] 0|0 |-3]-1|-%]-1
&1,1) | (L&LY [ 1 | —+,—|4+—+| 5|0 |0 | 5 | & |0]|—-5|-1
(2,51,1) | 1 | +,—+ | —+—-] 10 | 0| 0] 3| g | 0]|-%]|-1
LLYy | LY | 1 4=+ | —+—-] 0 | 0] 0| 0| 2 |=2|-2]|-1|YV
(13,1 | (L,L2,Y) | 1 | —+—|+—+] 0 | T |0 |[-3] 2 |1 |20
LLLLY |1 | 4+,—+ ] -+, 0o |-2]0 |-t 2 1] 2|0 |2
(1;3,1) | (LL21) | 1 | +—+ | -+ 0 | -1l 0 |=5|5 |1 ]|-5]1]
(171;171) 1 77+77 +777+ 0 2 0 *% % 1 *% 1 Zl
(51,8) | (LLL4) | 1 | +—F | —h—=| 0 | 0 | 1 =5 5 | 1|3 |3
(L51L4) | 1 | —+—|+—+ | 0 |0 |15 ¢ | 1] | 3
61L1) | 1,411 | 2 | +—+ | -+ 51000 35 [ g ]0|-35]|1
LL) |2 | —+—|4+—+|—-10] 0| 0| 3|+ |0]|—-3|1
61,1) | (1L41L1) | 2 | +,—+ | —+—| =5 | 0| 0] 0 | =51 =51
2,51,) | 2 | -4+ —-|+—+] 10|00 |0 |—-3]1|=-2]1
Ly | @uLy |2 | —4+—-|+—+] 0 O] 0] 0|2 |2|-2]1|Y
(1;171) (1715171) 2 77+:7 +:7:+ 0 0 0 % *% -1 *% 1 }_/2
(1’371) (171a271) 2 77+77 +777+ 0 1 0 *% % -1 *% —1
. 1 1 1
_ (1717171) 2 +777+ 7+7 0 -2 0 3 & -1 -3 —1 Zg
(1’371) (171a271) 2 77+77 +777+ 0 -1 0 *% é -1 % 0 ~
Ly 2 |+ =+ ] —+—=| 0 2 0 | =3 2 |-1| 2] 0|2
(1;1789) (171;176) 2 _7+7_ +7_7+ 0 0 0 —% é —1 % —%
(171;171) 2 +777+ 77+77 0 0 -2 *% % -1 % *% Zé

Table 13: Local decomposition of states from the T5/T), sector at ny = 1. The three parities for

chiral hypermultiplet components Hy,, Hr correspond to to ¢, = 0, %, 1.
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Bulk | na=0 | n3 Hp Hgr Q] 1 | te | ts | ta | ts

(LY | (LY | 0| —+,—|+—+| 0] 0 |2]0] 2 0 | Yy
LY | GLY) |0 | 4=+ | —+—] 0| 0 [2]0] 2| 0]Y:"
(LLY | (LY | 1| —+,— | +—+ | 0| =3 || 1| —-35]|-1|Y
GLY) | (GLY) | 1 = [ = |0 =2 =2 1y
(LLY | (LY | 2 | 4+,—4+ | —+—| 0| =3 |5 |-1]|—-35]|1|Y
G | L) | 2 | 4= [+ | 0| =2 2] =] 1|y

Table 14: Local decomposition of excited states from the Ty /T, sector at ng = 0. The three
parities for chiral hypermultlplet components H J2 Hp correspond to to ¢, = 0,%,1. The singlets
Y, have oscillator numbers N = (0,1,0), the Y have N* = (1,0,0).

)92

Bulk | na=1 | ns | Hp Hr | ts|tr|ts| t1 | to|ts| ta | ts
(LLY) | GLY [0 |+ =+ |-+ 0|00 0 3]0] 5 |0 |Y
LLY) | LY |0 | —+—|+—+]|0]J0]0] 0 |20 2|0 |V
(L) | (LY |1 |+ =+ | =+ —| 00| 0] —-3]4% Il -1 ] v
(1;,1) | (1,1 | 1 | —+,— | +—+|0]O0]0|—2]1% 11|
LLYy | (L) | 2 | —+—|+—+ 0|00 —5]5]|-1]-3 Yy
Ly | Ly |2 |-+ —+-]0]J0]0]| -3 ] |1]-% Ya*

Table 15: Local decomposition of excited states from the Ty /T, sector at ng = 1. The three
parities for chiral hypermultlplet components H J2 Hp correspond to to ¢, = 0,%,1. The singlets

DR
Y, have oscillator numbers N = (0,1,0), the Y have N* = (1,0,0).

Sector nae =0 ns | gy | t8 t to ts ta ts
T1/Ts (10;1,1) 0 * i 0 | -1]-3 1 0
(5;1,1) 0| = | -2 0 |-%| 3 1 0
(1;1,1) 0 * g 0 _% _g % 0
Ty /Ts (1;1,8c) 1 * 5 o | -i1-2]-11-1
(1;3,1) 2 * g 0 7% % % 0

(1,1,1) 2 |« | 2o | =L 2 | -2]|-1] S

T /T5* (1;1,1) 0 * g 7% —% % % 0 S

(1;1,1) 0] « | 2| L |-2|=20 L]0 s

2x(L;1L,1) | 0| « | 5 | 2 | 2 | 2 | L] 0| S5

2x (LLL) | 0| = | =2 | =] 2 | -1| L | 0 |Ss6
G310 | 1]« | 2o |21/ 1/ 0

(1 1, 1) 1 * g 0 *% *% *% 1 S7
Ts (1;3,1) * | =21 2 | =310 1 0 1
131 |+ ]-3]-3] 3]0 ]=-5]0]-1

Table 16: Local states from the sectors T1/T5 and T3 at no = 0. T1/T5* denotes oscillator states.
51,829,857 and (1;3,1) from that sector have oscillator numbers N* = (1,0,0), S3 and S5 have
= (0,1,0), S4 and Sg have N* = (2,0,0).
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Sector ne =1 ng | gy té tr | ts t 1o ts ta Is
Ty /Ts | (2,1;1,1) | 0 s 0 L[ -1 -3]-:]o]-2] % |Mm
(LLLL) | 0| = | 10 | 1 | -1 3 | -2]-1|-2]| 1 |sr
(LLLYy [ 0| % | =10] 1 | -1 3 | =21 |-3| 3% s
(2,L1,1) | 1| = 0 | -1 1 ? %1 —1 ? % M
(1L,1;1,1) | 1 * 0 | -1 1 I | L il s;
(1,1;1,1) | 1 | % | =10 | -1 1 0 |-21]0 L 31 gf
(2,1;1,1) | 2 | = 0 |[-1|-1] 0 | & |1 |=-%]| 3 |Ms
(2,1;1,1) | 2 * 0 1 1 0 %2 1 %25 % M_4
(1,1;1,1) | 2 | = 10 | -1 -1 (1) =3 0 5| i 53+
(L1;1,1) | 2| = | =10 1| —-1] 2 5 —1 5| 3 s§
(1,1;,1) | 2 | = | 10 | 1 | 1 ? -3 0 & : 54+
(LY | 2| = | —10] 1 | 1| 3 |-1]-1| & 2| g
13 Ly |« o101 |-1]0] 0] 2 1 sy
(L,LLY) [+ | 1 |10 | 1 |-1]0]o0]|2] 1 1S
1,1;1,1 s Ll —-10]-111 0 0 | -2 T
3 1 1 5
LLLY [« | 2 ] 10 | 1] -1 _15 _1% -1 il %1 56;
(1,1;1,1) * 0 —-10 | —1 1 5 3 1 -1 -1 S/G
(L,LLY) [+ | 1 | -10]-1| 1] 1 1l 1)L gr
. 1 1 1 1 1 —
(1,1;1,1) | = -3 10 | 1 |-1 IS —1 P 57+

Table 17: Local states from the sectors 71 /75 and T3 at ny = 1.

B. Anomaly polynomials

In section [l, we checked that the irreducible terms in the anomaly polynomial cancel. The
remaining piece explicitly reads

( ) Ibulk 116 {(tr R2)2 _ % (tr R2 (Z ma tr FA + Zmqu F ) (Bl)

u,v

+4dew (tr F}) F,F, + Z houvwe FuFyFuFy 3

Au,v U,V W, T
with coefficients
ma = Z Syvly — vffdj) , = trg (tuly) Z aq:, (B.2)
r
dAuv - Z UA Z quqv 5 huvwx = trg (tutvtwtx) - Z Qfﬂquz)ql« (B3)
r 7

All sums are over hypermultiplets only; the vector multiplets only appear in the final
term of m 4. In the sums, ¢ runs over all states, r over all representations of group G4
and k over all multiplets in representation r. ¢ and ¢* are the charges of states and
multiplets under U(1),, and trg denotes the trace of the U(1) generators, i.e. the sum over
the charges of all fields. The integers s, are the multiplicities of states transforming in
that representation, and vY is its quadratic index. Note that terms ~ (tr fo) (tr F E%) for
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two different non-Abelian factors A, B add up to zero in our model. By explicit evaluation
of these definitions in the basis t, = t,/v/2|t,| we find the results

ma =6(2,2,1) , My = 6 (Buw + Ouv) (B.4)

where 3y, is given in eq. (f.19). Furthermore

dSU(G) uv — dSU( 3uv — 2dSO ﬂuv ) (B-5)
3
= — . B.

where |o(uvwz)| counts all possible distinct permutations of indices u,v,w,z (and only
these are included in the bracket).
Similarly, we calculate the local anomaly polynomial at a fixed point f:

i(2m)’ 1] = —482mfF tr R? 4 = ZdAuF tr F3 + = Zhw F,F,F,. (B.7)
Au uvw

Here the coefficients are defined as follows:

S
mf = try <t5> =Y b, d, = > bk, (B
% r k=1
Moo = try (ttft]) = SO0 dhaidl, (B.9)
7

All sums refer to the local spectrum at fixed point f, evaluated on left-handed fields. The
local trace try contains an additional factor b’, which is either one for localized states or 1/4
for states which are induced by bulk fields; the same holds for b*. We conveniently evaluate
these expressions in a basis which consists of &, = t,/v/2|tla|, with ¢/, from table [, and
orthogonal generators, t{ = t!:n, #oth =0 (u > 1). Then the only non-vanishing terms

are
tro 19, = 2v/37, try ik, = 2V10 (B.10)
and
0 0 0 002 2 20 1
1 1 1
dsu@) an = d5U(4) an dSU(Q) an = 4504y an

B.12)
e 2 . 1 (
=2troty, (fy) = 3 tro (i)’ = 5 10 fan -

This shows explicitly that both anomaly polynomials factorize in the required way,
eq. (£.3), i.e. the Green-Schwarz universality relations with levels ason) = 1 and agyy) =

2 are fullfilled,

1 N ~r\ 2 1
48 tI’f tf = —tI'f <tf ) = gtrf tgn (ti) = mdian . (B13)
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